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THE STRESS INTENSITY FACTORS FOR A GRIFFITH
CRACK WHOSE SURFACES ARE LOADED ASYMMETRICALLY

1. N. Snepbon and U. B. C. O. Enke*
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Abstract—Formulae for the calculation of the stress intensity factors at the tip of a Griffith crack, and for the
normal component of the surface displacement, are derived for a crack whose surfaces are subjected to completely
arbitrary surface tractions,

1. INTRODUCTION

THE USE of integral transform methods to calculate the distribution of stress in the vicinity
of a Griffith crack under a symmetrical pressure is well-known [1, 2]. In this paper we con-
sider the general problem of the loading of a Griffith crack by an unsymmetrical distribution
of surface tractions {cf. Fig. 1). We assume that the Griffith crack |x| < 4,y = 0 is opened
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up under the action of the forces shown so that on the upper surface of the crack we have the
conditions

6,(%,04+) = —pT(x), Ixl € a, (L.1)

0,,(x,0+) = g7 (x) Ixl < a, (1.2)
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while on the lower surface we have the conditions
6,,(x,0—) = —p7(x), x| < a, (1.3)
04X, 0—) = —q7(x), x| < a. (1.4)

We solve the equations of elastic equilibrium for the entire xy-plane with the Griffith crack
by considering suitably formulated mixed boundary value problems for the half-planes
y = 0 and y < 0. In the region of the x-axis outside of the crack we assume that all the
components of the displacement vector and of the stress tensor are continuous, i.e. that
when |x| > a, y = 0 we have the conditions

u(x,0+) = u(x,0—) (1.5)
u(x,0+) = uyx,0-) (1.6)
0,(%,0+) = 0,,(x,0-) (L7
0,,(x,0+) = 0,,(x,0—). (1.8)

We also have the continuity condition
0xx(%,0+) = 0,x,0—),  [x| >aq,

but it is easily shown that if the conditions (1.5) through (1.8) are satisfied, this last condition
is satisfied automatically.

In applications to fracture mechanics of the solution of crack problems in the classical
theory of elasticity most interest is centred on the calculation of the stress-intensity factors
at the crack tips [3, 4]. These may be defined by the equations

K, = lim /(x=a)o,(x,0) (1.9)
K_= lim J(=x—a)a,(x0) (1.10)
N, = lim J/(x — a)o(x,0) (1.11)
N_ = lim /(—x~a)o,(x,0) (1.12)

Even if the main interest is in the computation of the stress-intensity factor it is also
important to calculate the normal component of the displacement of the crack faces. The
kind of solution used here—which depends on a systematic use of the theory of dual
integral equations—remains valid only so long as the inequality

u(x,04) > u/x,0-), x| < a, (1.13)

is satisfied. As pointed out recently by Burniston [5] it is possible to impose loading con-
ditions which cause crack surfaces to touch in the vicinity of the centre of the crack, which
in turn sets up entirely different boundary conditions and renders invalid the type of solution
employed here.

In this paper section 2 contains an account of the solution of the general problem by
means of Fourier transforms it is shown that certain arbitrary functions entering into this
general solution can be determined from the solutions of four pairs of dual integral equa-
tions. These solutions can be found by ‘“elementary methods”; the details are given in
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section 3. The determinations of the stress-intensity factors and of the shape of the crack
are considered, respectively, in sections 4 and 5.

2. GENERAL SOLUTION OF THE EQUATIONS OF EQUILIBRIUM

It is easily shown (cl for example [2], p. 402) that the equations of elastic equilibrium
have solutions of the form

TedXy) = DLA[ET2G (& y): & = x] =D FLE T H (& y); & — x], (21

0%, y) = =D FIETIGUE )& > x] = DLFETTH(E y); € - x), (2.2)

o,,(x,y) = =D F[G(E, y); & » x]+ D, F[H(E, y); & = x], (2.3)
where
0
Dx = a

and the functions G(£, y) and H(Z, y) both satisfy the equation

(D; —&3*x(&, y) = 0. (2.4)

H (&, y) denotes 6H(E, y)/0y etc. As usual # and %, denote the operators of the Fourier sine
and the Fourier cosine transforms respectively :

2 0
FF(,y);¢ — x] =\/(;)L F(&, y)sin(Ex) dg,

2 0
FLFE y); € — x] =\/ (;) fo F(Z, y) cos(éx) de.

The corresponding expressions for the components u,, u, of the displacement are given
by the pair of equations

(1+n)"'Eulx, y) = F[E {1 —nG,,+n&*G}; & - x]

(2.5)
—F[EH(1—mH,,+n&*H} ;€& > x],

(1+m)7~ ' Euyx, y) = ZLEH{(1=n)G,,,—2—-mE?G,}; ¢ — x]

(2.6)
+9-’s[€—3{(1 —r’)Hyyy_(z_rl)ézHy} ; é - x],

in which 5 denotes Poisson’s ratio and E the Young’s modulus of the material forming the
infinite body.
The solutions of equation (2.4) corresponding to the upper half-plane y > 0 are

G(£, y) = [A4(O)+ Ey{4.(O)— By()}]e™ @, (2.7)
H(E, y) = [45(0)+ {420 — Ba(&)}e™, (2.8)
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where A,, 4,, B, and B, are functions of ¢ alone. For these solutions equations (2.5), (2.6),
(2.2) and (2.3) give respectively

A+ 7 Eudx, 0+) = — F{(1-2mA,(&) - 21 ~n)B (&)} ; x]

(2.9)
— FL{(1 =214, = 21 —n)By(&)} ; x)
(1+m 7 Euy(x,0+) = Z[21 -=mA,(&)—(1-21)B,(£); X] 2.10)
+ F[2(1 = nA(E)— (1 —21)By(&): x],
0%, 0+) = D Z[B,(Z): x]+ D, F[B,(<): x], (2.11)
0,,(x, 0+) = =D F[A,({): x]+ D, F[A,(E): x]. 2.12)
On the other hand, the solutions of (2.4) corresponding to y < 0 are
GIE ) = [A5(0)+ Ep(Bs()— A5} e, 2.13)
¥) = [+ Ey(Buld)— A 1e?. (2.14)
For these solutions
(1+7) 7 Euyx, 0—) = F[{2(1=1)B3(&)— (1 —2mA5(0)}: x] 215
—Z[{2(1 =n)B4(&)— (1 = 2n) A4} : x],
(14+7)7'Euylx, 0—) = F{(1-2mB3(&)—2(1-mA5(&)}: x] 216)
+Z (1= 2n)By(&)— 21 — A (&)} s x],
0%, 0—) = =D, Z[B3(%); x] - D F[B.(d): x], 2.17)
0,,(x,0—) = —D,F[A45(0): x]+ D Z[A44(E): x]. (2.18)

The forms of the eight functions 44¢), B{&), (j = 1,...,4) are determined by the
boundary and continuity conditions. In the next section we show how the problem of
determining these functions is reduced to that of solving four pairs of dual integral equations.

3. SOLUTION OF THE DUAL INTEGRAL EQUATIONS
Equations (1.1), (2.12) imply the equation
D, Z[A,(€); x]-DF[A4,(8); x] = p*(x). x| <a
If we denote the odd and even parts of p*(x) by p!(x) and pg (x) respectively, so that
pe(x) = 3p* M) +p* (=31  po(x) =3pT(x)—pT(—x)],
then this equation can be replaced by the two equations
D Z[A4,(8);x] = pi(x), O0<x<a, (3.1
F[4:(0);x] = —ps(x), 0<x<a, (3.2)
In a similar way equations (1.2) and (2.11) imply the equations
D, Z[B{(&); x] = q5(x), 0<x<a, (3.3
D, F[By(&); x] = q; (x), O<x<a, (3.4)



The stress intensity factors for a Griffith crack 517

equations (1.3) and (2.18) the equations

D, #[A3(8); x] = p. (x), 0<x<a, (3.5)

D, Z[A&);x] = —po(x),  0<x<a, (3.6)
and equations (1.4) and (2.17) the equations

D, Z[B3(&); x] = qo (x), 0<x<a, (3.7)

D, #[B4(&); x] = q. (x), 0<x<a. (3.8)

The equations (1.5), (2.9), (2.15) lead by similar reasoning to the pair of equations
(1 =2 F[A(E)— A3(8); X] - 20— mF[B(H)—B3(0):x] =0,  x>a, (39
(1=2mF[A42(8) = A4(8); X] =21 =mMF[By(()— Bu(&);x] =0,  x>a, (3.10)
and equations (1.6), (2.10) and (2.16) to the pair
21 =mZA(D+ A3(O); X1 —(1 =2mFE[B(O)+ B3(8); x] =0, x>a, (.11
21 =mF[A:E) + AuE); x]—(1 =2MF[Bo(O)+ By(&);x] =0,  x>a  (3.12)

In a similar way we can easily show that equations (1.8), (2.12) and (2.18) are equivalent to
the pair of equations

D, #[A,(8)-43(&);x] =0 x>a, (3.13)

D, Z[AxE)—A44&);x] =0, x>a, (3.14)
and that equations (1.7), (2.11) and (2.17) are equivalent to the pair

D, Z[B(O)+B3(8);x] =0, x>a, (3.15)

D, Z[By(&)+By(&);x] =0, x>a (3.16)

Integrating both sides of equation (3.15), we find that

F(B O+ Bs(8);x] = by, x>aq,
where b, is a constant. By the Riemann-Lebesgue lemma we see that, provided B, (&) + B;(¢)
satisfies certain differentiability and integrability conditions, the integral on the left side of
this equation tends to zero as x — oo ; hence b; = 0, i.e. equation (3.15) may be replaced
by

F[By({)+B3(¢);x] =0, x>a (3.17)
Hence from equation (3.11) we deduce that

F[A(E)+ A4(8);x] =0, x> a (3.18)
Similarly from equations (3.16) and (3.12) we deduce the pair of equations

F[By(&)+By(&);x] =0, x>a, (3.19)

FLANE)+ Ay (E);x] =0, x> a (3.20)

In a similar way we deduce from equations (3.9) and (3.13) that
F[A:1(0)—A450);x] =0,  x>a, (3.21)

F[B(§)—B3(&);x] =0, x>a, (3.22)
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and from equations (3.10) and (3.14) that

FIAN D —AL:x] =0, x>a, (3.23)
FBy(E)—Bul);x] =0, x>ua (3.24)

Equations (3.1), (3.5) and (3.13) imply that
D Z[A(§)—A3(8):x] = p/(x)—po(x),  O0<x<aq,
Dxﬁ[x‘ll(f)“’f‘iﬁé)lﬂ = (), X > d,

so that we have the simple relation

1

’ 5—1[“ (2 (w)— p; (w)} cos(Eu) du (3.25)
4]

2
A9 —A,5(Q) =(—

T

as a result of the Fourier inversion theorem.
On the other hand equations {3.1), (3.5) and (3.18) are equivalent to the pair of dual
integral equations

D, Z[A(5)+ A;5&);x] = pl(x)+p. (x), 0<x<aq,
FLA Q)+ A3 x] =0, X>a

The solution of this pair of integral equations is elementary (cf. [6]). It may be written in the
form

AL(E)+ Ay(&) = f A (3.26)
0
where

PAL N _ du
g1lt) = (;) L {ps (w)+p, (u)}mij- (3.27)

The functions A4,(&) and A,(¢) can therefore be determined from equations (3.25) and
{3.26). The functions A4,(&) and A4,(¢) can be found by a similar method. Equations (3.2),
(3.6) and (3.14) imply that

D Z[A)E)~ A4 x] = po(x)—ps(x), O0<x<a,
D, Z[A,(8)— Aud);x] =0, x> a,

so that
214 “ )
A8 — Al = (;) &t fo {po (u)— po (w)} sin(&u) du, (3.28)

whereas equations (3.2), (3.6) and (3.20) imply that 4,(&)+ A4(¢) is the solution of the pair
of dual integral equations

D F[ANE+ AlE);x] = —pd(X)=polx), O<x<a,
F A0+ Au(8); x] = 0, x> a
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The solution of this pair is also elementary. It may be expressed in the form

Ax(E)+ A& = f 02 (E0 dr, (3.29)

0

where
du

2\t
gt = (n) f {po () +po u)}J—u~* (3.30)

The functions B (&), B,(&), B;(¢) and B,(&) can be determined in a precisely similar
fashion. From equations (3.3), (3.7) and (3.15) we deduce that

D, Z.[B,(&)+ B;(£); X] = g0 (x)+qo (%), 0<x<a,
D, Z[B({)+ B3(S); x] = 0, x > a,

and hence that
B(&)+Bs(¢) = ( ) et g5 (1) + qo (w)} sin(Zu) du, (3.31)

and from equations (3.3), (3.7) and (3.21) that
D, Z[B1(§)-B3(); x] = o (x)—qo (x), 0 <x<a,

Z{B1(C)~Bs(d); x] = 0, x> a,
and hence that
BAO—By) = [ s (3:32)
where
t)—( ) f (46 (W)— 43 W)} \/(;d“ - (3.33)

Finally, from equations (3.4), (3.8) and (3.16) we have that
D, Z[B1(&)+ B4(&); x] = q (x)+q, (x), 0<x<a,
D, Z[B(&)+ Ba4(£); x] = 0, x> a,

so that

B,(9)+ By(&) = ( ) j {42 W+ q; (w)} cos(Eu)du, (3.34)

and from equations (3.4), (3.8) and (3.22) that
D, Z[B,(§)—Ba(8);x] = ¢ (x)—¢q. (x), 0O0<x<a,
F[Ba(&)—B4(&); x] = 0, x> a,
so that

B(&)— By(&) = fo g1 ofE) dt, (3.35)
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where

¢ L du
g4lt) = \/(3) J-o {a; w)—q; (“)}m- {3.36)

4. CALCULATION OF THE STRESS-INTENSITY FACTORS

We see from equations (1.9}, (1.10) and (2.12) that to calculate the stress intensity factors
K, and K_ we need to evaluate the two limits

ky= — lim Jx—a)DF[A4($); x], (4.1)
and
k, = xlim+ Jx—a)D, F[A4,(&); x]. 4.2)

Now, from equation (3.26) and an integration by parts, we see that when x > q,
2\ re 2
F[AO)+ A(&E); x] = \/ (—7;) gi(t)\/(xz*tz)dt—\/ (%)gl(a)\/(xzma"),
[¢]

from which we deduce that if x > q,

2 4 d )
N E N = N e

From equation (3.21) we see that, if x > a4,
D,Z[A4,(8); x] = 3D F[A41(O)+ A3(&); x],

b= 3G 3
n

Similarly from equation (3.29) we have the relation

a 2 g?
FLA &)+ Au(8):x] = \/ (%) f t“gz(t)dt+\/ (%)gz(“) ‘Og[iﬂ%‘”ﬂ]
0
- o=,

so that

from which we deduce that

' 2 a 4 d
D, Z[A3(6)+ Au(8): x] = \/ ( ) \/(ff(faz) ( ) ) :/g(;i)_%)
Using the relation (3.14) we see that
Ky = L 8@ (4.4)

2 /(ra)’
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Similarly if we define
m = lim J/(x~a)D,Z[Bi(0); x]

ny = lim \/(x—a)D,F[B,(£); x]

x—a+

we find from equations (3.15) and (3.32) that

n = 1 g4(a)
' 2 J(na)
and from equations (3.16) and (3.35) that

1 /fa
n; = 5\/(;)34(4)-
We therefore have the formulae
K, =ky+k,, K. =ki—k,,

N, =ny+n,, N_ =n,—ny,

for the stress-intensity factors in terms of the integrals

k= ot [ 2 407 (T
ko = 2007 [ i r 0l
m= [ {q{{x)—qg(x)]yé%%
m = o [ [q;*(x)—qxxn—ﬁ;—’{x—zy

5. THE CALCULATION OF THE CRACK SHAPE

521

4.5)

(4.6)

“.7

(4.8)

4.9)

(4.10)

(4.11)

4.12)

4.13)

The shape of the crack resulting from the deformation may be calculated by means of

equations (2.10) and (2.16).
From these equations we deduce that

1+

u(x,0+)—u/fx,0—-) = Tw(x), |x] < a,

where the function w(x) is defined by the equation

wix) = 21 =) {Z[4,(O)+ A5(8); x]+ F[A4,(O) + Aul); X]
— (1= 29{Z[By(&) + B1(£); x] + Z[B(&) + Ba(&); x1}-

(5.1)

(5.2)
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Now from equations (3.26) and (3.29) we deduce that

FLANE) + A5(&); x] =\/2) ”ﬁ;“’d’ . O<x<a
2 a
FLAL) + Ad)ix] = \/ (ﬂ) | t—ﬁfj—(t_)%% 0<x<a

Integrating both sides of equations (3.3) and (3.7) with respect to x from x < g to g and
adding we find that

FLB(O)+ By():x] = F[By(E)+ By(E):a] - j a8 )+ g5 ()} du
Similarly from equations (3.4) and (3.8) we find that
FIBAE)+ By&): x] = FIByE)+ Ba(d); ] — f (a2 )+ as ()} du

Since the condition u (g, 0+) = u(a, 0—)is equivalent to the condition w(a) = 0 we deduce
that
FB(8)+B;(&); al+ Z[B,(8)+ Bu(&);a] = 0,

and hence that

w(x) = 2(1 —'7)\/( ) r[tgl t)+xt~ lgz(t \/(tz x2)

(5.3)
+1-2p) [l + g+ @F gl 0<x<a
In a precisely similar way we can show that
2% " dt
wix) = 2(1 —ﬂ)\/(;) JM [tg () —|xlt Igz(fﬁ:/—(;‘{:x—z) 50

—(I-Zn)flal{q:(u)+q;(u)~qa(u)~qa(u)} di, —a<x<O,

The necessary condition (1.13) for the validity of the solution can now be replaced by
the condition

w(x) > 0, I <a (5.5)

To complete the calculation of the crack shape we need an expression for the function
z{x), where

u(x, 0+)+ulx,0—) = %ﬂz(x). (5.6)

From equations (2.10) and (2.16) we deduce that

2x) = 21 ~m{F[A41(8)— A3(8); x]+ F[AAE) — A(&); x]}
—(1=2m{F[B (&) — B3(£); x]— F[B2(&)— B4(£); x1}-
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The solution (3.32) yields the result

2 a 2 X d

and the solution (3.35) gives

sims0-nain = /2] [ 0%

(x) = £[4,(O)—-43(0);x]), O<x<a, (5.7)
can be calculated in any particular case by means of equation (3.25) and the function

z23(x) = Fl45(0)—A440):x], O0<x<a, (5.8)

The function

by means of equation (3.28).
We therefore find that the function z(x) is given by the equations

2(x) = 2(1~n){z,(x) +z,(x)}

(5.9)
2\ [ x dt
—(1—2n) (%){L t™ gt dr— fo [xt 1g3(t)—tg4(t)]\/(7:t—2)}, 0<x<a;
and
z(x) = 2(1—m){z,(1x) — z,(1x)} S 10
= (%){f "gdi [ a0+ o
n 0 0 NES
—a<x<0.
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Abctrpakt—IIpuBoasitcs dopmysiel s onpeaeneHus GakTOPOB MHTEHCHBHOCTU HANPSIKEHHMA I8 caMoi
KOHLEBOM 4HacTtu TpewdHsl I'puddura M s HOPMaNbHOrO KOMIIOHEHTA NEPEMELUCHHS ITOBEPXHOCTH.
TToBEpXHOCTH TPELUMHBI HAXOJATCH MO/ BIUAHHUEM COBEPIUCHHO IIPOU3BOJIBHLIX CUJT CBS3M.



